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Gradient estimates and entropy formulae of 
porous medium and fast diffusion equations for 

the Witten Laplacian 

Guangyue Huang* Haizhong Li* 



Abstract. We consider gradient estimates to positive solutions of porous 
^ ■ medium equations and fast diffusion equations: 

I— !■ u t = A^(«P) 

O' 

Q ' associated with the Witten Laplacian on Riemannian manifolds. Under the 

assumption that the m-dimensional Bakry-Emery Ricci curvature is bounded 
from below, we obtain gradient estimates which generalize the results in [20J 
and [13J. Moreover, inspired by X. -D. Li's work in |19j we also study the 
entropy formulae introduced in [20] for porous medium equations and fast dif- 
fusion equations associated with the Witten Laplacian. We prove monotonicity 
£>. \ theorems for such entropy formulae on compact Riemannian manifolds with 

non-negative m-dimensional Bakry-Emery Ricci curvature. 
00 
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1 Introduction 

Let (M n ,g) be an n-dim 

positive solutions of the heat equation 



X 

Let (M n ,g) be an n-dimensional complete Riemannian manifold. Li and Yau [16] studied 

Ut = An (1.1) 



and obtained the following gradient estimates: 

Theorem A(Li-Yau |16| ). Let (M n ,g) be a complete Riemannian manifold with ~Ric(B p (2R)) 
> —K, K > 0. Suppose that u is a positive solution of (jl.ip on B p (2R) x [0,T]. Then on 
B P (R), 

|Vn| 2 u t C(n)a 2 ( a 2 rr rr \ na 2 K no? 

^-"^ir^^r^ii+Y' < L2) 
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Gradient estimates and entropy formulae 



where a > 1 is a constant. Moreover, when R — >• oo, (|1.2p yields the following estimate 
on complete noncompact Riemannian manifold (M n ,g): 

\Vu\ 2 ut na 2 K no? 

a-^<— —- + --. (1.3) 



v? u ~ 2(a - 1) It 

Recently, J. F. Li and X. J. Xu [15] obtained new Li-Yau type gradient estimates for 
positive solutions of the heat equation (|1.1|) on Riemannian manifolds. For the related 
research and some improvements on Li-Yau type gradient estimates of the equation (jl.ip , 
see [21191CE21CEH1III1IIE] and the references therein. The equation 

u t = A(vP) (1.4) 

with p > 1 is called the porous medium equation, which is a nonlinear version of the 
classical heat equation. For various values of p > 1, it has arisen in different applications 
to model diffusive phenomena (see [TTI20P30| and the references therein) . The equation (|l,4p 
with p £ (0, 1) is called the fast diffusion equation, which appears in plasma physics and 
in geometric flows. However, there are marked differences between the porous medium 
equations and the fast diffusion equation, see [HJ[29]. For gradient estimates of (|1.4|) . 

see mnraiEii. 

In [20], Lu, Ni, Vazquez and Villani studied gradient estimates of (|1.4p and proved the 
following results (see Theorem 3.3 in |20j): 

Theorem B(P. Lu, L. Ni, J. Vazquez, C.Villani [20J). Let (M n ,g) be a complete 
Riemannian manifold with r\ic(B p (2R)) > —K, K > 0. Suppose that u is a positive 
solution to (|1.4|) with p > 1. Let v = :^j-w p_1 and M = (p — l)max B (2R)x[o,T] v - Then 
for any a > 1, on the ball B p {R), we have 

|Vd 2 v t C(n)Maa 2 ( a 2 ap 2 . rr7^\ 

a 2 , r T ^ ao? 

+ -aMK + —, 

a — 1 t 

where a = ? _7\ ! 2 ■ Moreover, when R — > oo, (|1.5p yields the following estimate on 
complete noncompact Riemannian manifold (M n ,g): 

\Vv\ 2 v t „ a 2 . ,_, ao? /.. „s 

! a— < -aMK-\ . (1.6) 



v v a — 1 

Now, we rewrite the inequality (|1.6p as 

,„ ,9 ol , ^ T ^ aa v /-. _x 

Vw 2 -awi< aMKv^ . (1.7) 

a — 1 £ 

Since (p — l)v = pn p_1 , we have (p — l)v — >• 1 as p — >• 1. Hence, M — )• 1, 

|Vu| 2 



u 2 



ut 

• 
u 

n 
2' 
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as p — >• 1. As a result, (JTTTJ) becomes the inequality (jl.3p in Theorem A of Li-Yau. 
Therefore, for complete noncompact Riemannian manifold (M n ,g), the estimate (|1.6|) in 
Theorem B of Lu, Ni, Vazquez and Villani reduces to the estimate (|1.3p in Theorem A of 
Li-Yau when p — >■ 1. 

Let £ C 2 (M n ). The Witten Laplacian associated with (/> is defined by 

A^ = A - V(p ■ V 
which is symmetric with respect to the L 2 {M n ) inner product under the weighted measure 

dp = e~^dv, 
that is, 

/ uA^v dpi = - / VuVvd^= / vA^udp, V u,v G C^AP). 

M" A/' 1 M" 

The m-dimensional Bakry-Emery Ricci curvature associated with the Witten Laplacian is 
given by 

Ricr = Ric + V 2 ^ ' ^-^ 



m — n 
where m> n and m = n if and only if is a constant. Define 

Ric^ = Ric + X7 2 <p. 

Then Ric^ can be seen as the oo-dimensional Bakry-Emery Ricci curvature. In this paper, 
we study the following equation associated with the Witten Laplacian: 

u t = A^K) (1.8) 

with p > and p ^ 1. For p > 1 and p £ (0, 1), we derive estimates of Lu, Ni, Vazquez 
and Villani and Davies's type estimate. Moreover, for p > 1, we obtain Hamilton's type 
estimate and estimates of J. F. Li and X. J. Xu. In particular, our results generalize the 
ones in IT51. 



First we consider gradient estimates of (|1.8|) under the assumption that the m-dimensional 
Bakry-Emery Ricci curvature is bounded from blew, and obtain the following results: 

Theorem 1.1. Let (M n ,g) be a complete Riemannian manifold with Ric^ 1 (B P (2R)) > 
— K , K > 0. Suppose that u is a positive solution to the porous medium equation ([TT 
with p > 1. Let v = -^u p ~ l and M = (p — 1) max e (2R)x\o,T] v - Then for any a > 1, 
the ball B P (R), we have 



on 



|Vi>| 2 Vt 9 , ,C(m) I a 2 dp 2 / /— ■ , , /t-„.\ I 

v v R z \ a — \p— IV / , 

1 > (1.9) 



a 2 _, „, aa 2 



-dMK + 



{a -I) t ' 

where a = —j-^ttto- Moreover, when R — > oo, (|1.9|) yields the following estimate on 
complete noncompact Riemannian manifold (M n ,g): 

|Vf| 2 vt a 2 „ „, Sa 2 ,-. iri x 

^ l --a— < aMK+ . (1.10) 

v v a — 1 t 
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Theorem 1.2. Let (M n ,g) be a complete Riemannian manifold with 'Ric'T' (B P (2R)) > 
— K, K > 0. Suppose that u is a positive solution to the fast diffusion equation (|1.8p with 

P G ( X ~ m' 1 )- Lei v = FT nP_1 and M = C 1 -p) max B P (2fi)x[o,T](-v)- r/ien /or any 
< a < 1, on t/ie 6a// B P (R), we have 

\Vv\ 2 v t (-a)a 2 MC(m) \ (-d)a 2 p 2 ( r—^ ,, r=„ s 



v v ~ A(e 1 ,e 2 ) R 2 \ 2e 2 (l - 5)(1 - a)(l - p) 

(-a)a 2 MK {-a)a 2 

+ , , = , , , , + 



a/e^I - a)(l - a - a)^(ei,e 2 ) A(ei,e 2 )i 
where a = T _7sl 2 and positive constants £i,£2 G (0,1) satisfying 



(1.11) 



m(p-l)+2 



x , m (l + e 2 ) 2 (l-a) 2 (l-a) 

A( ei ,e 2 ): =[ l -a(l -„)]- ' (1 .^ _'„'_ , } ' > 0. 

When R — > oo and a — >• 1, (jl.lip yields the following estimate on complete noncompact 
Riemannian manifold (M n ,g) with RicV* > 0: 

_^! + ^<--. (1.12) 



v ~ t 



Remark 1.1. Clearly, our estimate (jl.lOp reduces to (|1.6j) of Lu, Ni, Vazquez and Villani 
(see [20J) by letting m = n. Moreover, for p € (0,1), Theorem 4.1 in [20] of Lu, Ni, 
Vazquez and Villani can be obtained from our Theorem 1.2 by taking m = n. 

Theorem 1.3. Let (M n ,g) be a complete Riemannian manifold with Hie 1 ? (B p (2R)) > 
— K , K > 0. Suppose that u is a positive solution to the porous medium equation (|1.8p 
with p > 1. Let v = z^u^ 1 o^rf M = (p — 1) max Bp ( 2 fl)x[o,T] w - 27ien /or any a > 1, on 
the ball B P (R), we have 

|Vn| 2 v t 2 f ahapM^ C(m) [1 MK 

a— <aa < ; r — h 

v v I (p- 1)3 (a -1)3 i? 



i + 2fa-l) 



+M^^ (l + VKRcoth{VKR)^ 



(1.13) 



where a = J 1 '^^ . Moreover, when R — > oo, ()1.13|) yields the following estimate on 
complete noncompact Riemannian manifold: 

J L-a— <— -aMK + . (1.14 

v v ~2(a-l) t v ' 

Theorem 1.4. Let (M n ,g) be a complete Riemannian manifold with ~RicT , (B p (2R)) > 
—K, K > 0. Suppose that u is a positive solution to the fast diffusion equation (jl.8|) with 
P G ( X ~ m' 1 )' Lei u = ^ nP X and M = (! ~ P) max B p (2R)x[o,T](.-v)- Then for any 
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< a < 1, on the ball B P (R), we have 

|Vu| 2 v t I ,_ p jt^lC r/ a 2 _,_ _ s \ , i - a — a 



+ a— <{C{a,a) £ -^M2- + 

u v { (l-p)3 fi 



+ 2(1 -a) MIT + 



2(1 -a) v V t 



.C(m) 



2 



+ (1 -p)(l - a - 5)M-^ M + v^-Rcothtv^i?)) 

(1-15) 

where a = ^jZ_i\\ 2 ■ When R — > oo, (|1.15p yields the following estimate on complete 
noncompact Riemannian manifold (M n ,g): 

JM+„S<(^* ^(i-jgW + IzHZ* (1.16) 

v v \2(1 — a) / £ 

Remark 1.2. Our Theorem 1.3 reduces to Theorem 1.1 of [13] by letting m = n and 
the estimate (|1.14p improves (|1.10p on complete noncompact Riemannian manifolds. For 
complete noncompact Riemannian manifolds with p E (0, 1), Lu, Ni, Vazquez and Villani 
proved (see Corollary 4.2 in [20J) the following results: If Ric > 0, then 

|Vv| 2 v t a . ,_. 

- J — L + -<--; (1.17) 

V V t 



If Ric > —if and < a < 1, then for any e > satisfying C(a, a, e) := 1 + (— a)(l — a) 



(l-a)(l-a) 2 



(l-a)-a-(l-a)e 2 

|Vt>| 2 ft (— a)a 2 /l \/C(a, a,e) , r \ 
u f C(a, a,e)\i (1 — a)e ) 

Obviously, our estimate (|1.16|) reduces to (|1.17|) of Lu, Ni, Vazquez and Villani when 
m = n and a — > 1. Moreover, (|l,16p is independent of e. 

Theorem 1.5. Lei (M n ,g) be a complete Riemannian manifold with Hie 1 ? (B P (2R)) > 
—if, if > 0. Suppose that u is a positive solution to the porous medium equation (|1.8j) 
to#j p > 1. Lei v = ■ v ^iU p ^ 1 and M = (p — 1) max B (2R)x[o,T] u - TVien /or any a > 1, on 
the ball B P (R), we have 

|Vi;| 2 . ,u+ 9 / s.,C'(m) / p 2 aa 2 (t) ,— - , . /— „.\ aa 2 (t) 

LX _ Q . (4) _ < ^ (( ,M^i ( 2(p _ ; ' 1)(a ; ) i _ 1) + 3 + Vkr co mVkiv) + -jU, 

(119) 

where a = ^ _i\L 2 an d a (0 = e 2 • Moreover, when R — > oo, (|1.19[) yields the 
following estimate on complete noncompact Riemannian manifold: 

\Vv\ 2 a(f) ^<«^)_ (L20) 



V v t 



Remark 1.3. Our Theorem 1.5 becomes Theorem 1.2 in [13J as long as we let m = n. 

Theorem 1.6. Let (M n ,g) be a complete Riemannian manifold with Ric^ (B P (2R)) > 
—K, K > 0. Suppose that u is a positive solution to the porous medium equation (|1.8p 
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with p > 1. Let v = ^rjw p x and M = (p — 1) max Bp ( 2 _R)x[o,T] v - Then on the ball B p (R), 
we have 

|V '' ! a(t)^-<p(t)<aM^^{l + VKRcoth(^/KR) + - °^——— } } (1-21) 



« w u rw_ i? 2 I v ' (p-l)t&nh(MKt)y 

where a = m fa^7)+9 > a (*) anc ^ vW are 9^ ven by 

<p(t) =aMK{coth(MKt) + 1}, 

,. n cosh(M^t) sinh(MKt) - Mi^t 

am =1 H 5- . (1.22) 

V ; sinh 2 (MKt) 

Moreover, when R — >• 00, (|1.2ip yields the following estimate on complete noncompact 
Riemannian manifold: 

^- - a(t)- - ip{t) < 0. (1.23) 

Theorem 1.7. Let (M n ,g) be a complete Riemannian manifold with rUc^ (B p (2R)) > 
—K, K > 0. Suppose that u is a positive solution to the porous medium equation (|1.8j) 
wii/i p > 1. Lei u = z^iU p _1 and M = (p — 1) max Bp ( 2 K)x[o,T] v - Then on the ball B p (R), 
we have 

\ Vv \ 2 „u\ v * ,.w/ 5 Jwu C ( m )(i , ./T?v^ur.n?v\ , ap 2 « 2 (t) 



«*)* - *«) < 5 ^( t ,M^ {l + ^ coth( ^ fl) + (p _^°^ t) }, 

(1.24) 

where a = ^ _x\+2 > a ^) an( ^ V^) are given by 

tptt) =- + aMK + -(MKft, 

f 2 3 (1.25) 

a(t) =1 + -MKt. 

Moreover, when R — > 00, (jl.2ip yields the following estimate on complete noncompact 

Riemannian manifold: 

iVvl 2 Vt 

l —l--a(t)--ip(t)<0. (1.26) 



Remark 1.4. Our Theorems 1.6 and 1.7 reduce to Theorems 1.3 and 1.4 in |13] by taking 
m = n, respectively. Moreover, when t is small enough, a(t),ip(t) defined by (jl.22p and 
(fi~25|) both satisfy a(t) -> 1 and <p(t) < 2aMK + f . Hence, ([L23]) and (fL26|) show 

|V '''~ a{t)- <2aMK + -. (1.27) 



U U £ 



Clearly, for t small enough, ([07]) is better than ([TIP]) . Therefore, ([P5]) and ([T^S]) 
improve (jl.lOp on complete noncompact Riemannian manifolds in this sense. 



Denote by R the scalar curvature of the metric g. In [24], Perelman introduced the 
W-entropy functional as follows: 

W(g,f,r)= [[T(R+\Vf\ 2 ) + f-n]-^-jrdv, (1.28) 

J (4vrr) 2 



Guangyue Huang, Haizhong Li 

where r is a positive scale parameter and / £ C°°(M n ) satisfies 

dv = l. 



e-f 



M" 



(47Tt): 



By [23], we know that the W-entropy is monotone increasing under the Ricci flow, and 
its critical points are given by gradient shrinking solitons. In [21|l22j. Ni considered the 
W-entropy for the linear heat equation 

u T = Au (1.29) 

on complete Riemannian manifolds. More precisely, for the W-entropy associated with 
(fL29|) : 

W( 5 ,/,r)= f[ T \Vf\ 2 + f-n} 7 ^-- E dv, (1.30) 

J Uttt) 2 



M" 



£ 

where u = — — w is a positive solution to (jl.29p and f M „ udv = 1, Ni [21] proved 

|-W(<?,/,t) = -2 J r(|v 2 /- J^| 2 + Ric(V/,V/))«cfo. (1.31) 

In particular, if the Ricci curvature is non-negative, then W-entropy defined by (|1.3ip 
is monotone non-increasing on complete Riemannian manifolds. For the research of the 
monotonicity of W-entropy to other geometric heat flows on Riemannian manifolds, see 
[TUHH1I2DH22] . In P2], Li studied the W m -entropy associated with the Witten Laplacian 
to the linear heat equation 

u T = A^u (1.32) 

on complete Riemannian manifolds satisfying the /i-bounded geometry condition. More 
precisely, for the W m -entropy associated with (jl.32|) : 

Wm(j9,f,T)= /[r|V/| 2 + /-m]-^-^d/i, (1.33) 

J Uttt) 2 

_ p 
where u = — — m- is a positive solution to (jl.32p . Li [19] proved that if there exist two 

(47tt)"2" 

constants m > n and K > such that RicT > —K, then 

^W m (gJ,r)=-2 J T (|v 2 /-^| 2 + Ric^(V/,V/)) U ^ 

M l r 2 ( L34 ) 

T[V(pVf-\ — udu.. 



m — n J V 2r 

In particular, if the RicT > 0, then W m (g, /, r) is non-increasing along the heat equation 
(|1.32p . For the study to the Witten Laplacian associated with the m-dimensional Bakry- 
Emery Ricci curvature on complete Riemannian manifolds, see [3"H5 1UipIS! 23,25,2 6|l3H - l3"3"] . 
Let u be a positive solution to (|1.4p . and let v = -^iu p ^ 1 - In |20j . Lu, Ni, Vazquez and 
Villani introduced the following: 

Af p (g,u,t) = —t a I uvdv 
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and 

W p (g,u,t) = j t [tM p (g,u,t)] = t a+1 J (pl^E - ?±Ly v dv, (1.35) 

where a = ? _7)+2 • They P rove d that if M n is compact, then 



7/7 



>%(<?,«,*) = - 2(p - l)t a+1 y (|v 2 ^ + _ g 1) + 2 lJ 2 + Ric(Vv, Vu))«t;dt; 

-2t a+1 j ((p-l)Av-r-Yuvdv. 

M n 

(1.36) 

In particular, if the Ricci curvature is non-negative, then the entropy defined in (jl.35[) is 

monotone non-increasing on compact Riemannian manifolds when p > 1. For p < 1, using 

the Cauchy-Schwarz inequality, they proved from (|1.36|) that 



d_. 

dt 



W p (g, u,t)<- J** 1 J [ n{P n{p l } + 1 " 1) At, + 



M» " '~ v " " ' (1.37) 



+ {p- l)Ric(Vv, Vv) 



uvdv. 



Clearly, if the Ricci curvature is non- negative and p£ (1 , 1), then (jl.37p shows that 

7§}Vp(<7, u, t) < and the entropy defined in (jl.35p is monotone non-increasing on compact 
Riemannian manifolds. 

Inspired by [19J, in this paper we also study the W Pim -entropy associated with the 
Witten Laplacian to the equation f)1.8j) on compact Riemannian manifolds with p > and 
p ^ 1. First we define 

K,m(9, u, t) = -t h J uv dn (1.38) 

and the W Pjm -entropy is defined by 

W p , m (g,u,t) = —[tM Pi m(g,u,t)}, (1.39) 



where a = ™ ^A . Under the m-dimensional Bakry-Emery Ricci curvature is bounded 



m(p— 1) 

ti(p-i)+: 
from below, we prove the following: 

Theorem 1.8. Let (M n ,g) be a compact Riemannian manifold. If u is a positive solution 



to the porous medium equation (jl.8p with p > 1, then 

J^pMd, u,t) = -t h / ( (p - 1) A+v + j J uv dfi, (1.40) 

where v = -^7j-u p_1 and a = m ™ _7i+2 • ^ n P ar ^ c ^ ar > ^/Ric^ 1 > 0, i/ien -^N p ^m{g,u,t) < 
and J\f p>m (g,u,t) is monotone non-increasing int. Moreover, 



W p , m (9,u,t)=t h+1 J [ p \^l-^±l) uv d^ (1.41) 



ta+l 

AT" 
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and 



-W p , m (9,u,t)=-2(p-l)t &+1 



V 2 v + 



+ 



1 



m — n 

2e +l 



M'' 

VcjNv- 



[m{p - 1) + 2}t 



m — n 



[m{p - 1) + 2]t 



+ mc?(Vv,Vv)\uvdv (1-42) 



(p - l)A^u + 



n 2 



uvdfj,. 



M r > 



In particular, if Ric™ > ; i/ien ^W Pim (g, u, t) < and yV Ptm (g,u, t) is monotone non- 
increasing in t. 

Theorem 1.9. Ifu is a positive solution to the fast diffusion equation (jl,8p withp £ (0, 1), 
then 

^ P ,m(g,u,t) = -t d ((p-i)A 4> v + ~Juvdfi, (1.43) 

M n 

where v = -^u p ~ l and a = T -7l-i-2 • ^ n particular, i/Ric^ 1 > and p £ (1 — ^,1), t/ien 
dt-Np tm (g,u,t) < and Afp, m (g,u,t) is monotone non-increasing int. Moreover, 



W, 



p,?rU 



7,U,t) = t 



o+l 



|Vv| 2 a + l\ 
p uw dfj, 



v 



t 



(1.44) 



AY" 



and for any positive constant e > m — n and 1 — -^j— < p < 1 
d 



dt 



W p , m (g,u,t) <2t 



s+i 



(l-p)Ric?(Vt;,W) 



Ai" 



+ 



+ 



1 — n(l — p) e 
n(l — p) n 

m(l — p) 1 

n(m — n) ne 



(p - 1)Aj,v + 



1.45) 



VcjNv 



m — n 



[m(p - 1) + 2}t 



>uvd/i. 



In particular, if RicT 1 > 0, i/ien ^W Pim (<7, u,£) < and W P)m (<7, it, t) is monotone non- 
increasing in t. 

Remark 1.5. In particular, if m = n, then we have that is a constant. Then (|1.42l) 
becomes (5.6) of Lu, Ni, Vazquez and Villani in [20]. By letting m = n and e — >• 0, (|1.45|) 
becomes (|l,37p . which is Corollary 5.10 in [20J. 
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2 Proofs of Theorem 1.1 and 1.2 



Let v = -^r[U p . By virtue of the equation (|1.8p . we have vt = (p— l)vA ( j ) v-\- \S/v\ 2 which 
is equivalent to 

\Vv\ 2 



v-t 



(p - l)A^v + 

V V 



(2.1) 
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Lemma 2.1. As in [20], we introduce the following differential operator 

C = d t -(p- l)uA . 

Let F = - — - a— — cp, where a = a(t) and ip = ip(t) are functions depending on t. 

(1) Ifp> 1, then 

1 



C(F) <--[(p- l)A,id 2 - 2(p - l)Ric?(V«, Vv) + 2pVvVF 

a ' v 

v t \ 2 ,v t 



(2.2) 



+ (1 - a) [ — ) -a p 

\ v / v 



V 



(2) Ifpe (0,1), then 
1 



C(F) >--[(p- l)A^f - 2(p - l)Ric^(Vt>, Vv) + 2pVvVF 

+ (l-a) I — 1 -a ip, 

\ v J v 



(2.3) 



where a = , p ^ , n ■ 

m(p— 1)+2 

Proof. We only give the proof to the case that p > 1. The proof to p < 1 is similar, 
so we omit it here. 

By a direct calculation, we have 

C( f -) = -£(/) - ^C(g) + 2(p - l)w(^) Vlogs, V/, fl 6 C°°(M). (2.4) 

Using (|2.1|) we obtain 

£(w t ) = (p - l)v t ^v + 2VvVv t . (2.5) 

It is well known that for the m-dimensional Bakry-Emery Ricci curvature, we have the 
following Bochner formula (for the elementary proof, see |17p i8|): 



-A (| Vw\ 2 ) =|V 2 w| 2 + VwVA^w + Ric^Vui, Vw) 

>-\Aw\ 2 + VwVA^w + RicJV w,Vw) 
n 

> — lA^wl 2 + VwVAaw + Ric^iVw, Vw). 
m v 

It follows from p > 1 that 

C(\Vv\ 2 ) <2VvVv t - 2(p - l)v(— lA^I 2 + VvVA^v + Ric?(Vw, Vv) 

=2VvV[(p - 1)uA,au + |Vv| 2 ] - 2(p - l)u ( — lA^d 2 

Vm 

+ VvVA^v + Ric; n (Vv, Vw)) ( 2 - 6 ) 

=2(p - l)\Vv\ 2 A^v + 2Vt»V(|V«| 2 ) - 2{jP ~ ^ viA^v) 2 



m 



2(p-l)vRicJ(Vv,Vv). 
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Applying ([23]) and (gTSJ) into (H3D yields 

£ C^ = (p - l)^Ai« + -VwVv* - !* 1M_ + 2(p - l)vV (-) V(log u), 
v -y / v v v v \ v / 

c ( M) < 2(P - d^!a,„ + H v ,v(|v»|«) - *^W)2 

\ v / u v m 

IVuI 4 /|Vt;| 2 \ 

- 2(p - l)Ric^(Vv, Vv) - ^^ + 2(p - 1)W ( l —^ J V(log u) 

and hence 

\ u / \u/ v 

<2{p - 1)J^La^w + -VvV(\Vv\ 2 ) - 2(P ~ X) (A^) 2 
v « ' m 

Wv\ 4 nvv\ 2 \ (i7\ 

— 2(p - l)Ric^(Vi>, Vu) - L ^ L + 2(p - l)uV ( J L J V(log u) ( 2 - 7 ) 

— a(p — 1) — A^i; — a-VvVvt + a 2a(p — l)uV ( — ) V(logu) 

U D V V V V J 

fVt , 

— a ip . 

v 

Noticing 

iVwl 2 v+ 

2(p- l)wV(J L)v(logv) - 2a(p- 1)W( — )V(logu) = 2(p - l)VuVF, 

2 2 2 iV-ul 2 

-VW(|Vt;| 2 ) - a-VvVvt = -VvV[(F + y>)u] = 2(F + <p)J L + 2VuVF, 

■y u f V 

we have 

2(p - 1)W ( J— — ) V(log v) - 2a(p - l)vV (—) V(log v) + -VuVfl Vwl 2 ) - a- VvVv t 
\ V J \ V / u u 

iVvl 2 

=2pVwVF + 2(F + <pV l - 

v 

„ „„ ZlVvl 2 uA |Vw| 2 
=2pVvVF + 2 J ' a— J L . 

V V V V 



(2. 



On the other hand, using (|2.ip again, we have 



JVi>| 2 |Vf| 4 «( vt\Vv 

2(p-lJ — — A^u ~2 a(p-lj— A^w + a 



V ' V* V V V 

\X7v\ 2 fv t \Vv\ 2 \ \X7v\ 4 v t (v t \Vv\ 2 \ v t \Vv\ 2 
-2 k a— + a (2.9) 

V \ V V J V A V \ V V J V V 

V V V V V 
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Combining ()2.8[) with (|2.9[) gives 

2(p - l)vV ( J— — | V(logu) - 2a(p- l)uV f— ) V(logw) + -VvV(\Vv\ 2 ) 

\ V J \ V / V 

2^^ „/ , JVd 2 . |Vu| 4 . lN v t . UtlVul 

- a-\/v\/v t + 2(p - 1) A^ 5 a(p - 1)— A^v + a 

i> v v z v v v 

^_JMV + ( i_ a) ^V 

V V / \ V 

2 



--2pX7vVF - ( — - i — - ) + (1 - a; i — i 



--2pVvVF - [Op - l)A,*d 2 + (1 - a) f — 

V v 



(2.10) 



Putting (I2TTU]) into flSTTD yields 

£(i?) < _ 2 ^~^ (A^) 2 - 2(p - l)Ric?(Vt;, Vv) + 2pVvVF 
m v 

-[( P -l)A^ + (l-a)(^-^-^ 

= - -f(p - l)A<Ad 2 - 2(p - l)Ric?(Vt>, Vv) + 2 P VvVF 
a v 

+ (1-q )(— ) -a (p, 

v v 

which completes the proof of (1) in Lemma 2.1. □ 

Proof of Theorem 1.1. Let £ be a cut-off function such that £(r) = 1 for r < 1, £(r) = 
for r > 2, < £(r) < 1, and 

0>£»>- Cl ^(r), 

£» > -Pa, 

for positive constants c\ and ci- Denote by p(x) = d(x,p) the distance between x and p 
in M n . Let 

Making use of an argument of Calabi [6] (see also Cheng and Yau [7]), we can assume 
without loss of generality that the function ip is smooth in B p (2R). Then, we have 

IWf c 

By the comparison theorem with respect to the Witten Laplacian (see p. 1324, |18j ) 



K 



A 0/ o> ^/(m-l)Kcothi J— — - p) , 

we have 

A^ = ^ + ^ > -^ (x + VKRcotHVKR)) . (2.12) 

Define F = - — - a— , where a > 1 is a constant. Under the assumption that 

Ric^ > -K, (Q shows that 

C(F) <--[(p- l)A t;] 2 + 2(p - l)K\Vv\ 2 + 2pVvVF 

i iv.i 2 (2 ' 13) 

< - -f(p - 1)A,au] 2 + 2MK^ L. + 2pX7vVF. 

a v 
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Define G = tibF. Next we will apply maximum principle to G on B P (2R) x [0, T\. Assume 
G achieves its maximum at the point (xq,s) £ B p (2R) x [0,T] and assume G(xq,s) > 
(otherwise the proof is trivial), which implies s > 0. Then at the point (xq,s), it holds 
that 

C(G) > 0, VF = ~Vil> 

W 



and by use of (|2.13|) . we have 



--sibC{F) - (p - i)v-^-G + 2(p - l)i>^^G • 



<£(G) = sipC{F) - s{p - l)vFA^ - 2s(p - l)vVFVib + ipF 

ip ' ip z s 

/ i \X7v\ 2 \ 

<sib — Up - ljA^l 2 + 2MK 1 - L + 2pVvVF 

\ a v J 

A^ IW>|* G ( 2 - 14 ^ 

- (p - ]>—*?- G + 2(p - l)v— ^— G + — 

< - — (p - IV + 2s?pMK l - L + 2 ^M^G 1 '' /' 

a u (p-l)s u2 V> 

_ (p _ 1)t ,^ G + 2(l) _ 1)t ,E|! G+ G 

•0 ip z s 

Applying 

1~ 2 2(a-l)~|Vv| 2 /a-lV|Vt;| 



,xa 12 1m 2(a-l)~|Vu| 2 fa-l\ 
p - 1)A^] 2 = — F 2 + V 2 ; FJ L + 

into ()2.14p . we obtain 



v 2 



2 „„/,2 /„, i\ 2 it-, ,4 



1 2 2(a-l)^ |Vu| 2 8^/a-iy|Vv 



< - - — ^G 2 - v - n Jr G 



asa 2 da 2 v a \ a J v 2 

9 \Vv\ 2 p i i \Vv\ |W>| 

+ 2sip 2 MK l - 1 - + 2 ^-^M2^2G^^P (2.15) 

V (p — 1)2 V2 lfj2 

- (p - 1)«(A^)G + 2(p - 1>;^^G + ^. 

ip s 



By virtue of the inequality —Ax 2 + -Bx < jj, we have 

sV> 2 /a-l\ 2 IVuI 4 9 |Vw| 2 aa 2 sip 2 M 2 K 2 



+ 2s\b z MK'- !- < 



a \ a J v 2 v (a — l) 2 



2(a-l)ip \Vv\ 2 p 1 1 \Vv\ \Vtb\ aa 2 p 2 M \Vip\ 



a a 



2 



G 1 + 2 ^Mi^GV^ < —, T7 r^^G. 

(p-l)5 V 2 ^2 2(p-l)(a-l) V 
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Hence, ([2TT5D yields 



2„„/,2jix2fc-2 



0< 



asa" 



:G 2 + 



aot l s'4) l M l K 



+ 



(a 



aa 2 p 2 M \Vipy 
2(p-l)(a-l) ^ 



G 



(p - l)u(^)G + 2(p - l)t>^^G + ^ 



< 



ascr 



:G 2 + 



_^L_| + „ _ 1)M cg> (1 + ^ Rcoth( ^ R)) + ? } 



+ 



aa 2 s-0 2 ^ 2 ^ 2 
(a -l) 2 ' 



Solving the quadratic inequality of G in (J2.16P yields 



(2.16) 



G< 



asa 



aa 2 p 2 M C 
2(p-l)(a-l)# 2 



.C(m) 



\ , ^ 



+ M-^ M + VKRcoth{VKR)) + - 



+ 



+ 



aa 2 p 2 M C % ,C(m) /, ,=„ , , r-„,\ V 112 



2 S/T2 ir% 



<iip 2 M 2 K 



<asa 



(a - l) 2 

A _Jkfp 2 M^C_ 
\2(p - l)(a - 1)W 

Hence we have 

G(x,T)<G(x ,s) 

2 C(m) 



+ M^ (l + v^coth(v^)) + ± + * MK 



R 2 



s (a — 1) 



<aTa z 



R 2 



< - % -ap 2 M + M(l + VKRcoth(VKR)) 

^(p-l)(a-l) V J 



(2.17) 



+ 



a 



-aTMK + aa 2 . 



(a-1) 
For all x G J3 p (i2), from (J2~TT|) . it holds that 

.C(m 



F(x,T) <5crM 



2 ~ 2 

a ap 



R? ) a-lp-l 



+ (l + y/KRcabh(y/KR) 



« 2 ~,^ T ^ a° 2 
(a — 1) T 

Since T is arbitrary, we complete the proof of Theorem 1.1. 

Proof of Theorem 1.2. When p £ (0, 1) we have v < and from 

£(-F) <~ [(p - 1)A^] 2 + 2(p - l)ffic£(Vt;, Vu) + 2pVW(-F) 

V<) 2 

<i[(p - l)A w] 2 + 2Mif^- + 2pVvV(-F) 



(2.18) 



(l-a)(S) ! 



Guangyue Huang, Haizhong Li 15 

Define G = tip(—F). Next we will apply maximum principle to G on B P (2R) x [0,T]. 
Assume G achieves its maximum at the point (xo,s) £ B P (2R) x [0, T] and assume 
G(xq,s) > (otherwise the proof is trivial), which implies s > 0. Then at the point 
(a?o, s), it holds that 

£{G) > 0, V(-F) = -— Vip 



and by use of (|2.18|) . we have 



l)f — -^— G + zip — l)u — -=- 



<C(G) = m/>C(-F) - (p - l)v-^-G + 2(p - iy—^-G + - 

ip ip z s 

<si> [-Up - l)£\sv] 2 + 2MK 1 - L + 2pVuV(-F) 

\o — u / 

-(p-i)t,M G+2(p _i )t; J^!! G+ |_ (1 _ aW (^) a (2 . 19) 

<^[(p - 1)A,,] 2 + 2^^ + 2 _E_ rJ j f ^JY^M 
« -« (l-p)i (-v)3 t/> 

-(p-l)^G + 2(p-l)^G + ^-(l-a)^P) 2 . 

Applying 

1-2 2(a-l) ~\Vv\ 2 /a-l\ 2 |Vu| 4 



[(p - 1)A^ = — F l + v 2 ^ L_ + 

u t \2 1 / ~ \Vv\ 2 \ 2 1 . -, 2 2 . -JVwl 2 1 |Vv| 4 
- = — (- F + - -) = —(-F) 2 + —(-FY- L+ J_J_ 

into (|2.19p . we obtain 

<— Ur([l - 5(1 - a)]G 2 - 2(1 - 5)(1 - a)sipG^- 
asa z I — v 

Vul 4 -. _ ,o.,„IVd 2 



2 MK'- 



(2.20) 



+ s 2 V' 2 (l - a)(l - a - a)— ^-1 + 2sif; 

v z ) 

+ 2 P t MMg '^l |V f - (P - l)v(A^)G 

(1 — p)2 (— 1))2 ^2 

N |W| 2 -0G 

Next we take the similar method as in Theorem 4.1 of [2D]. Since p € (1 , 1), we have 

a < 0. Thus, we have for any positive constants £i,£2, 

2sip 2 MK l - L < _ £l _J^_ i _ a i _ a _ 5 ) Jl VJy ' ^ 

—v asor tr ei (1 — a)(l — a — a) 

2 P . M^JG^j^ < - e * (1 _ g)(1 _ a) ^ G ^f 

(l-p)5 (-v)3 ^2 aSa ~ U 

aa 2 p 2 M |W| 2 

-G. 



2e 2 (l-5)(l-a)(l-p) V 
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Hence, we get from (|2.20p that 



Vv 



< A - [1 - 5(1 - a)]G 2 + 2(1 + e 2 )(l - 5)(1 - a)si>G 

asa z I 

/, n2,2/ 1 An ^|Vf| 4 -i 1 asa 2 ip 2 M 2 K 

- (1 - ei)s 2 ^(l - a)(l - a - aV — ^- ^ 

v z ) 



■"> 



t> 2 J £i (1 — a)(l — a — a) 
ao?p 2 M \Vip\ 2 



2e 2 (l-a)(l-a)(l-p) V 1 



■G-(p-l)t;(A^)G 



+ 2<p-l)J^ G + ^ (2.21) 

<J-{ [ l- a (l-a)]-( 1 + e ^ 1 - a ) a ( 1 - a )j Ga -l^ ^»W^ 2 
asa 2 I (1 — £i)(l — a — a) J £i (1 — a)(l — a — a) 

ao?p 2 M \Vip\ 2 



2e 2 (l-a)(l-a)(l-p) V 

+2(P _ 1) „^! G+ ^. 

Taking £i,£ 2 such that 



■G-(p-lMA^)G 



(2.23) 



N1 (l + e 2 ) 2 (l-o) 2 (l-a) ,, , 

1 _ 5 1 - a - l 2 ;\ n -/ := A £i, £ 2 > 0, 2.22 

(1 — £i)(l — a — a) 

then $1721} yields 

n< X Mr ,- ^ | f (-a)aVM C 

°^-(Z^2^i' £2 ) G + \2 £2 (l-a)(l-a)(l-p)^ 

lf C(ra) /, r- , . /-.x Vl^ {-a)sa 2 4> 2 M 2 K 2 

+ M-^ (l + VKRcoth(VKR)) +-\G+ y ,> ,/, -• 

R z \ J s) £i(l — a)(l — a — a) 

Solving the quadratic inequality of G in (|2.23|) yields 

G <-Vt^ rS ; w w t^t + M— V- ( 1 + VKRcoth(VKR) ) +- 

-A(e 1 ,e 2 )\ 2e 2 (l - a)(l - a)(l - p) R 2 R 2 V v V a 



+ / n w., JA{e 1 ,e 2 )\. 

y£i(l — a)(l — a — a) J 



Hence we have 
G(x,T)<G(x ,s) 



-aTa 2 MCm (-a)a 2 p 2 ( r— n ,,/=„* 

< Z — 1 L r h^l : y —/ t-r; r+ 1 + VKRcoth(VKR) 

~ A(e u e 2 ) R 2 |2e 2 (l-a)(l-a)(l-p) V T v ; 
{-a)Ta 2 MK (-a)a 2 



v/ei(l - a)(l - a - o)i4(ei,e 2 ) ^fci.^O 

(2.24) 
and for x G B p (R), 

„, . (-a)a 2 MC(ra) | (-a)a 2 » 2 / /-=„ , , /-=„ N 

-F (x,t) < i T 7 ^ ; ^< 7 ^7^ ^-tt r+ l + VAi?COth(VA-R) 

v ' ; - A(£i,£ 2 ) R 2 |2e 2 (l-o)(l-a)(l-p) V v ; 

{-a)a 2 MK {-a)a 2 



i/ei(l - a)(l - a - a)^(ei, £ 2 ) A(ei,e 2 )t 
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This completes the proof of Theorem 1.2. 

3 Proofs of Theorem 1.3-1.7 

Under the assumption that RicT" > — K and p > 1, (|2.2[) shows that 

C(F) <--[(p- l)&<hv} 2 + 2(p - l)K\Vv\ 2 + 2pVvVF 
a 



v t \ 2 ,v t 



(3.1) 



\ v J v 

<--[(p- l)&j>v] 2 + 2MK [ —^- + 2pVvVF 
a v 

+ (1 -a) — -a (/?. 

V V J V 

Following the methods in [13], we can prove that Theorem 1.3, 1.5, 1.6, 1.7 hold respec- 
tively. 



2 



Next we are in a position to prove Theorem 1.4. Define F = ^^ q^, where 

< a < 1 is a constant. Then (12.31) shows that 



Cl-F) <-[(p - l)A,it;] 2 + 2Mr\—^ + 2pVvV(-F) - (1 - a) (—Y 
a —v \ v ) 

=— J -F-(l-ay—^-) + 2MK l -^- + 2pVvV(-F) (3.2) 

aa z V — v J —v 

a^ V —v / 

Let G = tip(-F). We apply maximum principle to G on B p {2R) x [0,T] and assume 
that G achieves its maximum at the point (xq,s) £ B p (2R) x [0,T] with G(xq,s) > 
(otherwise the proof is trivial). Then at the point (xo,s), it holds that 

C(G) > 0, V(-F) = -— Vib 



and by use of (j3.2[) . we have 



^y ip z s 



<£(G) = sibC(-F) -(p- l)v—^-G + 2(p - l^^-j^-G + - 



sib / — , JV-u| 2 \2 \Vv\ 2 v i IVvl IV-01 

<^r f-F- (1-aV L +2sipMK l - ^ + 2 ^^MzG^ t-^- 

aa 2 \ -v J " -v (l-p)5 (-v)2 iff 

1-a / = |Vr;| 2 x2 n ^ ., |V^| 2 G 

5— s^M - F (p — l)u— -— G + 2(p - l)v — p5— G H . 

a z V — 1> / ?/> ip* s 

Let _^| = fj,(—F) at the point (xq, s). Then we have fj, > and 



(3.3) 



< — 7— [1 - (1 - a)fiVG z + 2[iMKG + -f-x ^M^G^ 

a« 2 ^ S 2^2(l-p)2 i/> 



i^i(l - ,.) 2 <? - fa. - D«^G + 2fa> - 1), ™!<7 + «. 

a z sf/j ^y f/y z s 
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Multiplying the both sides of (|3.3|) by ^i% yields 



<-z-z[l - (1 - a)fi] 2 G + 2^MKsip + 2/i» s 



aa" 



2 



(1 — p) 2 l\)' 



l -^{\ - fi) 2 G - (p - l)svA^ + 2(p - l)su^- + V 
i 



where 



AG + 2BG2 + C 

1 



-act 2 



[l-(l-aV] 2 + ^(l-/x) 2 , 



a- 



I I p 

.B = ^2 S 2 

(1-P) 



M2 



,1 ' 



C = 2^iMKs%l) + (1 - p)s(-v) - A</,V + 2 



JV# 



V' 



+ V- 



It is easy to see that 
1 



(—a)a 2 



A [l-(l-a)^] 2 + (-a)(l-a)(l-/i) 2 

(-a)a 2 



1 + (-o)(l - a) - 2(1 - a)(l - o)/x + (1 - a)(l - a - 5)// 2 
<1 — a — a, 

2^4 _ 2(-a)a 2 /i 

T ~1 + (-a)(l - a) - 2(1 - a)(l - a)fi + (1 - a)(l - a - a)/x 2 



-a)a 



y/[l + (-a)(l - a)](l - a)(l =r a^5) - (1 - a)(l - a) 



[- + (-o)](l - a - a) + (1 - a) 

1 — a 



(3.4) 



(3.5) 



(3.6) 



< 



Q- 



+ 2(1-5), 



2(1 -a) 
where the last inequality used y/xy < \{x + y) and there exists a constant C(a, a) such 



that ^-j- < C{a, a). From the inequality Ax 2 — 2Bx < C, we have x < -j- + -w%. Applying 
this inequality into fj3.4|) by letting x = G? gives 



G^ <C(a,a)s^ ^M5- + 

it 



(l-p)i 



frr^ r + 2(1 - a)]MKs + 1 - a - a 

\2(1 — a) / 



C(m 



+ (1 - p)(l - a - a)Ms—^- ( 1 + VKR coth(VKR) 



R 2 



(3.7) 



Hence, for x £ B p (R), we have 



|Vd 2 



v t 



+ a— << C{a,a) 



P „iC 

^2- + 

'l-p)5 " 

r G(m 



a / A , ,,, 1 — a — a 

+ 2(1 - a) MivT + 



2(1 -a 



+ (1 -p)(l - a - S)M-^ h + VKRcoth(VKR) 



(3.8) 
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We complete the proof of Theorem 1.4. 

4 Proofs of Theorem 1.8 and 1.9 

Lemma 4.1. If M n is a compact Riemannian manifold and u is a positive solution to 
(fj~8|) with pj^O, then 

— uv d/j, = (p — 1) / (Afpv)uv d\i = —p I |Vv| udfi. (4-1) 

M" M n M n 

Proof. From (|2.ip . we have (w)t = uuj + uft = uA^,(k p ) + (p — l)uvA^v + u\Vv\ 2 . 
It follows from V(u p ) = uVv that 

/ [vA^(n p ) + u\Vv\ 2 ] diJL= J [-VvV(u p ) + u\Vv\ 2 } dfi = 0. 



Hence 



— uvd/j,= (uv) t d[i 

M n M" 

v A^(n p ) + (p — l)m> A^-u + ti|Vu| ] d\i 
(p- 1) / (A^uvdfi 
p / (A^v)u p dn 



p J X7vX7(u p ) d/u 



|2„ 



= — p |Vv| itdp. 

We complete the proof of Lemma 4.1. □ 

Lemma 4.2. if M n is a compact Riemannian manifold and u is a positive solution to 
(jTSP wii/i p 7^ 0, i/ien 

— I (A 4> v)uvdu. = 2 I (p- l)(A^) 2 + |V 2 v| 2 + Ric </) (Vt;,Vv) twrf/j. (4.2) 



Proof. Noticing 

— I (A<pv)uv dfi = / {(A<pv) t uv + (A ( pv)(uv) t ]d^. (4.3) 

M™ M" 
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A direct calculation gives 

(A^v) t =A^[(p - lJuA^v + \Vv\ 2 } 

=(p - 1)[(A^) 2 + 2VvVA (j) v + uAjv] + A^IV^I 2 

=(p - l)(A^w) 2 + 2pVWA (/ ,t; + (p - l)«Aj« + 2[|V 2 v| 2 + Ric^(Vu, Vu)]. 
We derive from (p — l)V(ut> 2 ) = (2p — l)uvVv that 

/ fipVvVA^v + {p- l)vAlv]uv dfi 



M" 



/ 2pVvV(A (j) v)uvdn- /(p-l)V(™ 2 )VA^d/j 



VvV(A ( pv)uv d/j,. 



Hence, 



(A 4> v) t uvdp = J Up-l)(A^v) 2 + VvVA^v + 2[\V 2 v\ 2 + mc^(Vv,Vv)]\uvdp. (4.4) 

On the other hand, 

A ( / ) v(uv)t dfi = / A ( j ) v[vA^(u p ) + (p — l)uvA^,v + u\Vv \ ]dfi 



/ [-V(vA^)V(it p ) + (p - l)w(A u) 2 + u\Vv\ 2 A</,v] dp 

.i n 

/ [-V(dA^)uVjj + (p- l)uv(A,f,v) 2 + n|Vv| 2 A^] dyu 
j [-VvVA^v + {p- l)(A^) 2 ]i«; dfi. 



M n 



M n 



(4.5) 



M'' 

Inserting ()4.4p and (|4.5|) into (|4.3p concludes the proof of Lemma 4.2. □ 

Proof of Theorem 1.8 and 1.9. By Lemma 4.1, we have 

-T7^P,m(9,u,t) =-at a ~ 1 / uvdfi- (p - l)t a (A^uvdfi 



t & / ((p-TjAjV + ^juvdn. 



M'' 

We obtain (|1.40p and ()1.43p . On the other hand, from the definition of W Ptm (g, u, t) in 
(jl.39|) . we have 

W P ,m(g,u,t) =—[tM Pi m{g,u,t)] 

=Np,m(g, U, t) + t—N P)m {g, U, t) 



dt 
a 

~ t 



- , i :,' \Vv\ 2 a + 1\ 
--t a+l / (p l - ' )uvdfi, 



M" 
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where the Lemma 4.1 was used in the last equality. Hence, we derive (|1.4ip and (jl.44p . 

Noticing that the estimate (|1.10p also holds for compact Riemannian manifolds. Taking 
K = and then letting a — > 1 in (jl.lOp yields 

/ -n a a vt \Vv\ 2 a 

(p - IV + - = -*- I L + - > 0, 

t v v t 

which concludes that if Ric™ > 0, then -^.N Pj m{g, u,t) < and J\f Pl m(g, u , t) is a monotone 
non- increasing in t. When pe(l--,l) and Ric^ 1 > 0, we also get from ()1.12p that 

a vt \Vv\ 2 a 

(p - IV + t = - - ~ + T < 0, 

t v v t 

which shows that :§.A/^ jm (<7, «, i) < and Af p , m (g,u,t) is also a monotone non-increasing 
in t. 

Next we are in a position to prove (|1.42|) . From (|1.40|) . we have 



dt 

d_ 
"dl 



t: 



a+l 



{p — l)(A^v)uv dfj, — at a / uvdji 



j.a+1 



(p- l)(Aj,v)uv dfj, + dN Ptm (g,u,t) 



M n 



■2t 



o+l 



{p- lYiA^v) 2 + (p- l)|V^r + (p- l)Ric0(Vt;,Vu) «»(i/i 



ii/ r - 



-(a + l)t a I {p-l){A ()) v)uvd^-at a I I (p- l)A$v + -) uvd/j,, 

where the last equality used the Lemma 4.2. Hence, 
d 



dt 



yv p ,m{g,u,t) 
~^[t-T:Np,m(g,u,t) +Np, m (g,u,t)] 



2f 



a+i 



(p- lyiA^vY + {p- l)\V' i vf + (p-l)Bic^(Vv,Vv) uvdfi 



M n 



{a + l)t & (p-l)(A (i ,v)uvdfi- (a + l)t d / ((p-l)A 4> v + -)uvdfj, 
2t a+1 



(4.6) 



M" 



(p - 1) 2 (A^) 2 + (p- l)\V 2 v\ 2 + (p- l)Ric^(Vv, Vv) 
uv dfi. 



a 2 + a 



+ (p-l)— V + 2/2 



Noticing 



b-l) 2 (A^) 2 + (p-l)^A^+" 2 + (i 



(p - 1) v + 



m(p — 1) 



+ 



2t 2 
2(p-l) 



[m(p - 1) + 2]t [m(p - 1) + 2]t 9 [m(p - 1) + 2] 2 t 2 



A^u 



(p — l)m 
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and hence 



(p-l) 2 (A^) 2 + (p-l) 



o + l 



t 



A 6 v + 



a 2 + a 



+ (p - l)|V 2 v| 2 + ^-^-{VcjNvf 



m — n 



(p-l)A 4 ,v + 
+ (p-l 



?7l(p — 1) 



V 2 v + 



[m(p - 1) + 2]t 
9 



2 p-1 

+ - 

m — n 



V(jNv 



m — n 



[m(p - 1) + 2]t 

We complete the proof of (|1.42p by putting (j4.7f) into (|4.6f) . 
When p G (0, 1), by the Cauchy-Schwarz inequality, we have 

2 



[ra(p - 1) + 2]t 



-(p-1) 



V z v + 



3 



[m(p - 1) + 2]i 



> 



p — 1 



■/?■ 



At; + 



■;? 



\m(p - 1) + 2]i 



1 



n(p — 1) 



(p - 1)A^ + - 



p — 1 



/? 



V0V^ 



m — n 



[m(p - 1) + 2]t 



2(, „ NA a\ /■__ ,_ m — n 



Hence, 

-(p-1) 

> 



V 2 u + 



[m(p - 1) + 2]i 



p — 1 



m — n 



VcfNv 



m — n 



[m(p - 1) + 2]t 



(p - l)A^u + - 

1 — n(l — p) 



, (p-l)A^ + - + 

n(l — p) t 

" '(p - 1) A u + j) (VcjNv - 



m(l — p) 



> 



n v " t 

1 — n(l — p) e 
n 



n(rB — n) 
m — n 



VcjNv 



m — n 



[m{p - 1) + 2]t 



[m(p - 1) + 2]t 



+ 



n(l — p) 
m(l — p) 1 
n(m — n) ne 



(p - 1) A^v + 



VcjNv 



m — n 



[m(p - 1) + 2]t 



where e > m — n is a positive constant and satisfies 1 — -^r < p < 1 
(Ol) into (fQ2l) gives 



(4.7) 



(4.8) 



Inserting 



^W p , ro (5,«,t) <2t a+1 y | (l-p)Ric^(Vv, 

Un V 



Vu) 



+ 



1 — ra(l — p) e 

n(l — p) n 

m(l — p) 1 



(p - 1) A u + 



(4.9) 



>n(m — n) ne 
Therefore, we complete the proof of (|1,45D 



V(pVv 



m — n 



[m{p - 1) + 2]t 



>uv d\x. 
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